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1 Introduction

There is a large number of references about the multivariate statistical tech-
niques to be described here [2, 3, 5, 6, 7]. Once said this, there is a question that
should be answered at this point: Why another paper talking about something
that has been explained so many times? Well, normally, the three techniques
described here are not described in the same paper, and the people is prone to
make use of the same letters to describe different things so when one tries to
learn all of them has to keep one notation and make up another two of them.
Here, the effort of making up new letters to refer to all the objects that appear
in SVD, PCA and CCA has already been made. Of course, the notation doesn’t
match with any other publication. These lines are for the people interested
in calculate numerically the vectors and time series related to this techniques.
The final equations can be found inside with a new perspective: matrices. The
calculation of these analysis is normally carried out with an indicial notation,
but all of them are linear so can be expressed as matricial operations. With this
approach the summation symbols disappear, the equations are more compactly
written and the demonstrations are shorter. Besides, a lot of modern program-
ming languages are able to carry out operations with matrices without taking
care of each element separately. Another reason for writing these lines is to
show how all you need to work with these techniques is an algorithm to perform
the singular value decomposition of a matrix (and, luckily, this is present in any
linear algebra package). The approach of the singular value decomposition is
more stable [4, 5] than the usual diagonalization, that can lead to instability
problems because of the non—full-rank matrices that usually appear.

2 Notation

Throughout the paper an indicial notation and a matricial one will be used. Ma-
trices are presented as uppercase letters. The same matrix in indicial notation
is represented as the corresponding lowercase letter.



When the time is involved as one of the dimensions of a matrix it is always
the first index (rows). This is the case, for example, in a physical field defined
in the space-time which will be presented as ®,(t;, ;) in indicial notation and
just X in matricial form with each row containing the values of the field for
each time step. This field is an exception to the rule of writing the indicial
notation with the lowercased matrix name (this is done to avoid confusion with
the x spatial coordinate). If another field is required, it will be referred to as
®,(t;,yr) or Y. In both cases, the fields are assumed to have zero mean without
loss of generality. This means that they are not exactly fields but anomalies.
The temporal mean at each site or grid point (each column of the matrix) is
supposed to have already been removed.

The total number of time steps will be referred to as T, ie: the ¢ in the
previous ¢; runs from 1 to T'. Similarly for the space coordinates: z;,7 =1... N,
and yx,k=1...N,

Other matrices are not representing space—time fields but one (or two) of
the dimensions represent coordinates in a space different from the real one. In
this case the non—space—time dimension is supposed to be the last one (ie: the
columns). This will be the case with the EOFs ep(x;), which matrix E has
real-space (z;) rows and EOF-space columns.

Not all equations are presented in both notations. As the text goes ahead
the indicial notation is reduced to make the demonstrations shorter.

3 Singular Value Decomposition

The singular value decomposition has a twofold meaning. First, it’s a matricial
operation by which any matrix M can be decomposed into the product:

M = LSR" (1)

where ¥ is a diagonal matrix and L and R are matrices with orthonormal vec-
tors as columns [5]. This matrices are not strictly orthogonal because they are
not square matrices (this kind of matrices are sometimes referred to semiorthog-
onal). Anyway, the orthonormality of the vectors imply L*L =T and R*R =1I.
And second, it’s a multivariate statistical decomposition technique by which two
fields can be expanded in series in such a way that each term of the summation
has maximum covariance with the correspondent one of the other field.

P, (ti,z;) = ij(ti)lp(xj)

@yt ye) = D kp(ta)rp(yr) (2)
X = JL*
Y = KRT

The coincidence in the nomenclature is easily understood because it can be
proved [2] that the vectors I,(z;) and rp(y) with maximum covariance are the



singular vectors (the columns of the matrices L and R) of the cross—covariance
matrix of the fields:

1
Cay(Tj,y8) = Tz%(tiaiﬂj)‘l’y(ti;yk) 3)
G
1 T

And the singular coefficients jp(¢;) and k,(¢;) are obtained from the equations
(2) just taking into account the orthonormality of the singular vectors:

jp(ti) = Z q)w(tia wj)lp(wj)

Bo(t) = 3 @yt ye)ra(un) (4)
k
J = XL
K = YR

The (maximized) covariance of each term in the equations (2) is proved to
be the corresponding singular value:

ulinke) = 7 3 dp(t)k(t)
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This is a very good example of how the matricial approach simplifies the
calculus and notation.

4 Empirical Orthogonal Functions

The calculus of empirical orthogonal functions (EOFs) is also called Principal
Component Analysis (PCA). It’s another multivariate technique to decompose
a field. In this case it is applied to just a single field and the result is a series
with the terms explaining the maximum possible variance of the original field.



The temporal coefficients of this decomposition ay,(t;) are usually referred to as
principal components (PCs) and the spatial patterns e, (z;) empirical orthogonal
functions (EOFs). These EOFs represent the linear combination of the original
variables which explain the maximum amount of variance of the original field
in decreasing order. The field ®,(t;,z;) can be recovered as:

@, (ti ;) = Zap(ti)ep(mj) (6)
X = AFE"

It can be proved that the maximum variance is explained by choosing the
EOFs as the eigenvectors of the covariance matrix C,, = %X TX:

chz(wjawk)ep(wk) = )‘pep(wj) (7)
k
C.oE = EA

As the covariance matrix is definite positive and symmetric, the eigenvectors
can be chosen orthonormal. In such a case the eigenvalues A, are the variances
of the PCs which are obtained by projecting the field onto the EOFs (4 = X E,
just taking into account the orthonormality of E)

Cou = %ATA = %ETXTXE = E'C,,E=E"EA=A (8)

There is no temporal covariance between different PCs, that is, the PCs are
uncorrelated. Each one explains a disjoint part of the total variance. The total
variance of the field can be computed adding up all the eigenvalues A.

The selection of orthonormalized EOFs is just one of the possibilities when
scaling the EOFs. Other possibility is to standardize the PCs dividing each of
them by their standard deviation, that is, the square root of the eigenvalues.
This way, it can be defined a new set of PCs (a;,(t;)) and EOFs (e}, (z;)) which
also match the maximum explained variance rule:

N ap (i)

a () = ey

ep(zi) = pep(x) )
A = AA71/2
E' = EAY?

This way the PCs have no physical units and they are in the EOFs. The
new EOFs are no longer orthonormal, but only orthogonal. Obviously, this
transformation can only be done if none of the eigenvalues A, (or at least none



of the ones you are retaining) is zero. There is also the possibility of using
standardized PCs and orthonormal EOFs, but the series used to reconstruct
the original field must include in this case the standard deviations (the square
roots of the eigenvalues):

@, (ti,z5) = Zap Jep(z;) Za
Z\/_a iep(z5) (10)

AIA1/2ET

4.1 SVD approach to the EOF calculus.

The covariance matrix of the field is unlikely to be of full rank (this would only be
the case if the number of temporal samples is higher than the number of space
channels and the spatial grid points are completely independent), therefore,
there will be several eigenvalues that could be zero. Some routines crash due to
the degeneracy of the eigenvalue that do not completely define the associated
eigenvector. A numerically more stable [4, 5] way of computing the EOFs is
through the previously mentioned SVD matricial decomposition. Consider the
SVD decomposition of the anomaly field:

XZLSR" (11)

This has nothing to do with the SVD multivariate statistical technique de-
scribed in section (3). In that case the decomposed matrix was the cross—
covariance matrix of two fields. In this case we are considering just one field
and the decomposed matrix is directly the anomaly field.

Now, the covariance matrix can be written

Cope = %XTX = %RZLTLZRT = %REQRT (12)
And also through the equation (7) we can write
Cpo = EAE" (13)
Comparing these two equations we have
E = R (14)
A = %22
And the PCs are also obtained from SVD components:
A=XFE=(LXR")R=LX (15)



Standardized PCs can also be obtained in this way, just using L, R and X
from the same SVD decomposition of equation (11).

1
E' = —RX 16
VT (16)
A = VTL

5 Canonical Correlation Analysis.

The canonical correlation analysis (CCA) is another technique to decompose
two fields. In this case it is done in such a way that the correlation between the
temporal expansion coefficients (a,(t;) and by(¢;)) is maximum. This time the
spatial patterns (p,(x;) and gp(yx)) are not even orthogonal, so the matricial
computations must be done with care.

o (ti,z5) = ) ap(ti)py(z;)

p
Oy (tiye) = ) bp(ti)ap(us) (17)
P
X = AP"
Y = BQT

The concept of adjoint pattern is necessary to deal with this non—orthogonal
patterns. The adjoint pattern is defined by the following relationship:

pr(mj)qu(mj) = Oy (18)
’ PT™P* =1

With this adjoint patterns the expressions for the temporal expansion coef-
ficients are immediate

ap(ti) = Y Ba(ti, z;)py" (x;)
J
bo(t:) = D &yt u;)0" () (19)
J
A = XpP*
B = vQ*

It can be demonstrated [8] that the maximum correlation constraint is filled
if the canonical patterns are taken as the eigenvectors of the following matrices
M, and M,



M, = C;}CayCy)Clo (20)
M, = C,'CyCy Cay
that is,
Zmz(mjamk)ppA(wk) = p*(z;)
k
> omyu vt W) = e y;) (21)
k
M,P = PR
M,Q = QR

By construction the eigenvalues ) are equal for both matrices and are the
squares of the canonical correlations, that is, the correlation between the canon-
ical coefficients (this will be more easily demonstrated later). Once the pat-
terns have been obtained the canonical coefficients are calculated through equa-
tion (19). The problem of the indetermination of the coefficients by a constant
factor arises again in this technique. This time it is no possible to take or-
thonormal spatial patterns so the most logical choice is to take standardized
coefficients and, consequently, spatial patterns with the physical units of the
field.

5.1 The Barnett—Preisendorfer approach to CCA.

Barnett and Preisendorfer [1] proposed to filter the fields with an EOF decompo-
sition prior to enter the CCA and carry out the calculation in EOF coordinates.
There are several reasons for doing so. The noise of the data is filtered out by
truncating the EOF series. In the EOF-space the coordinates of the field are
the PCs and when using standardized PCs the auto—covariance matrices that
appear in the definition of the A, and M, matrices are equal to the identity
matrix largely simplifying the calculus. The resulting M, and M, matrices are
symmetric and, consequently, the canonical patterns in the EOF-space (Pgor
and Qgor) are orthonormal. Apart from the Barnett—Preisendorfer suggestion
we are also going to make use of the SVD matricial decomposition to solve the
problem of finding the CCA patterns and coefficients.

Let’s consider the EOF decomposition of the two anomaly fields (with stan-
dardized PCs):

O, (ti, ;) = Y ap(ti)ep(x;)

@, (ti,yr) = Z By (t:) fy (ur) (22)
p
X — AIEIT
Y — BIFIT



If we write the equation (21), that defines the canonical patterns, in EQOF-
coordinates we get

C(IIBCLI?OLPEOF = IDEOFE)%2 (23)
C,éla (;ﬁQEOF = QEOFm2

after taking into account that for the standardized PCs the covariance matrices
Cho and Cjp are identity matrices. Now, performing the SVD decomposition
of the matrix Cy4

, SVD

Cos = LER" (24)
we also get:
ChpChy = ChgChs' =LSR'RYL" = LY’L" (25)
Céa (,15 - C(IIBT (Ixﬂ == RELTLERT == REzRT
or, stated in other way,
CopChol = LX? (26)
CgaC('IBR = R¥?

which compared to equations (23) yields:

Puow = L (27)
QEOF = R

and remembering that both ¥ and R are definite positive matrices we also have
R=2=R=2X (28)

Now, to go back to the real space we only need to use the EOFs matrix to invert
the transformation:

P = EPg.=FL (29)
Q = FIQEOF =F'R

As the L and R matrices come from the SVD decomposition of a non-
dimensional matrix (because it is the covariance matrix of two non—dimensional
PCs) they also have no physical dimensions. The E' and F' EOF matrices
have the dimensions of the original field as discussed in the end of section 4.
Therefore, the canonical patterns obtained through (29) also have the units of
the field. The adjoint patterns must have the inverse units so that the equa-
tion (18) holds. This equation is trivially proved to be held by the following
adjoint patterns:

PA = FE'AJ'L (30)
Q* = F'AJ'R



And the canonical coefficients are

A = XP*=XE'A'L=XEAN'Y’L=AAN'?L=AL  (31)
B = YQ*=YFA/'R=YFA,'?R=BA,'?R=BR

These are easily proved to have unit variance, for instance the auto—covariance
matrix for A is

Cov(4,A) = %ATA = %LTA’TA’L =L"L=I (32)

and its diagonal is made up with the variance of each PC. As the canonical
coefficients are standardized their correlation is just the cross—covariance matrix

1 1
Corr(A,B) = Cov(A,B) = TATB = TLTA'TB'R (33)
- L'CiyR=L"LSR'R=7%

This result confirms our previous assertion that the diagonal matrix of the EOF-
space cross—covariance matrix SVD decomposition is the canonical correlation
matrix.

6 Concluding remarks

The three techniques described here show a lot of similarities. This is not
surprising because the underlying idea is common to all of them: maximize an
statistic of one or more fields when their series expansion is truncated to the
leading terms. It has already been pointed out that the statistic is the cross—
covariance for SVD, the auto—covariance for PCA and the cross—correlation for
CCA. There is still another technique related to PCA that maximizes the auto—
correlation. This PCA is achieved by just standardizing the field prior to carry
out the calculations showed in the text.

These statistics are linearly calculated out of the field values. This fact
along with the linearity of a series expansion makes possible a fully matricial
description of this techniques, as has already been demonstrated.

The most common approach to carry out these calculations is the diago-
nalization of the involved matrices, obtaining the patterns and the expansion
coeflicients from the eigenvalues and eigenvectors. This approach is not the most
stable and another one has been introduced: the singular value decomposition.
This is kind of a generalization of the eigentechniques for the case of non—-square
matrices.
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